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Abstract
We are calculated the expectation value of the axial-vector current
induced by the vacuum polarization effect of the Dirac field in constant
external electromagnetic field. In calculations we use Schwinger’s
proper time method. The effective Lagrangian has very simple Lorenz
invariant form. Along with the anomaly term, it also contains two
Lorenz invariant terms. The result is compared with our previous
calculation of the photon - Z boson mixing in the magnetic field.
In order to get the expectation value of the axial-vector current in con-
stant electromagnetic field we use Schwinger’s proper time method [1]. In
our calculations we closely follow and use results from [1] and [2].
Green function of the Dirac field (with mass m ) in the external electro-
magnetic field Aµ and in the axial vector field A
5
µ (with couplings e and ga
respectively) is
G =
1
γ(−i∂ − eA− gaγ5A5) +m (1)
=
1
γP +m
(2)
= i(−γP +m)
∫ ∞
0
dse−i(m
2−(γP )2)s , (3)
gµν = diag(−1, 1, 1, 1) . (4)
The variation of the action integral is
δS =
∫
dx
(
ieδAµTrγµ(x
′ | G | x′′) + igaδA5µTrγµγ5(x′ | G | x′′)
)
x′,x′′→x
(5)
=
∫
dxδL. (6)
In pure electrodynamics (without axial-vector field) we have only the first
term under the integral in eq. (5). Our task is to calculate the second term
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under the integral in eq. (5) (which is just δA5µ < J
5
µ > where < J
5
µ > is
expectation value of the axial-vector field).
L is the Effective Lagrangian and we write
L = i
2
∫ ∞
0
ds
s
e−im
2s lim
x′,x′′→x
Tr(x′|U(s)|x′′) . (7)
Here we use following notations
U(s) = e−iHs , (8)
H = −(γP )2 (9)
H = H0 +HI , (10)
H0 = −(γ(−i∂ − eA))2 = −(γΠ)2 = Π2 − 1
2
eσµνFµν , (11)
Πµ = −i∂µ − eAµ , (12)
Fµν = ∂µAν − ∂νAµ = 1
ie
[Πµ,Πν ] , (13)
HI = gaγ5[A5µ,Πµ] + igaγ5σµν{A5µ,Πν} − g2aA52 . (14)
U(s) is the operator which develops the system with the ’Hamiltonian’
H from the ’time’ s=0 to the ’time’ s. H0 is the ’Hamiltonian’ of the pure
electromagnetic field and HI is the ’Hamiltonian’ of the rest which contains
axial vector field.
Applying to the identity
eA+B = eATe
∫ 1
0
dte−AtBeAt , (15)
where T means the chronological order of the product, we can write
U(s) = U0(s)UI(s) , (16)
UI(s) = Te
−igaγ5
∫ s
0
du([A5µ(u),Πµ(u)]+iσ˜µν{A5µ(u),Πν(u)}−gaA5µ(u)2) . (17)
Here
σ˜µν = e
− i
2
σFeuσµνe
i
2
σFeu . (18)
Keeping only linear term by axial vector field we get
U(s) = U0(s)
(
−igaγ5
∫ s
0
du
(
[A5µ(u),Πµ(u)] + iσ˜µν{A5µ(u),Πν(u)}
))
. (19)
2
The quantum mechanical problem can be formulated as
(x′|U(s)|x′′) = (x′(s)|UI(s)|x′′(0)) , (20)
where
(x′|U0(s) ≡ (x′(s)| , (21)
|x′′) ≡ x′′(0)) , (22)
Π(0) ≡ Π , (23)
Π(s) ≡ U−1(s)Π(0)U(s) , (24)
x′′(0) ≡ x′′ , (25)
x′(s) ≡ U−1(s)x′(0)U(s) . (26)
As Schwinger has shown
(x′(s)|x′′(0)) = −i
s2(4pi)2
Φ(x′, x′′)e(x
′−x′′)E(s)(x′−x′′)e−l(s)e
i
2
eσFs , (27)
Φ(x′, x′′) = eie
∫ x′
x′′
dxA(x) , (28)
E(s) =
i
4
eF coth(eFs) , (29)
l(s) =
1
2
Tr ln [(eFs)−1 sinh(eFs)] . (30)
To evaluate the matrix element [20] we use the Schwinger’s results
Π(u) = R(u)I−1(s)[x′(s)− x′′(0)] , (31)
R(u) = e2eFu , (32)
I(s) = (eF )−1(e2eFs − 1) , (33)
[x(s), x(0)] = −iI(s) , (34)
[xµ,Πν ] = igµν , (35)
σµν =
i
2
[γµ, γν] . (36)
At low energy or in slowly varying axial vector field approximation we
can write
A5µ(x(u)) ≃ A5µ +
∂A5µ
∂xν
xν(u) = A
5
µ + ikνA
5
µxν(u) , (37)
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where
x(u) = [1− I(u)I−1(s)]x(0) + I(u)I−1(s)x(s) . (38)
In Eq. [19] we bring all factors x′(s) to the left and all factors x′′(0) to
the right ( using commutative relation [34] ), where they act on the left- and
right-hand states to give c-numbers
x′′(0)|x′′(0)) = x′′|x′′(0)) , (x′(s)|x′(s) = (x′(s)|x′ . (39)
This procedure gives a c-number expression multiplied by the function
(x′(s)|x′′(0)).
(x′(s)|UI(s)|x′′(0)) = (x′(s)|x′′(0)) ·
·(−igaγ5A5µ)
∫ s
0
du [(−Nµν − iσ˜µλDλν) kν + iσ˜µλOλν(x′ − x′′)ν ] ,(40)
where
Nµν = gµν , (41)
Dλν = e
2eFu − coth eFs(e2eFu − 1) , (42)
Dλν ≡
∫ s
0
duDνλ = [− 1
eF
+ s · coth eFs]λν , (43)
Oλν = 2R(u)I
−1(s) , (44)∫ s
0
du Oνλ = gνλ . (45)
The result of eq.[20] is
(x′(s)|UI(s)|x′′(0)) =
(x′(s)|x′′(0))(−igaγ5A5µ) [−skµ − iσ˜µλDλνkν + iσ˜µν(x′ − x′′)ν ] ,(46)
Using the property of the trace we can replace σ˜µν → σµν .
We make simplifications
Dλνe−l(s) = 2
e
de−l(s)
dFλν
, (47)
γ5σµλe
i
2
eσFs =
2
es
d(−iγ5e i2eσFs)
dFµλ
. (48)
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We define two functions
C1(F ,G) ≡ e−l(s) , (49)
C2(F ,G) ≡ −iT rγ5e i2eσFs , (50)
where
F = 1
4
FµνFµν , (51)
G = 1
4
FµνF˜µν , (52)
Fµν = ∂µAν − ∂νAµ , (53)
F˜µν =
1
2
eµνρσFρσ , e
0123 = 1 . (54)
Now the trace of the eq.[20] will have a form
Tr(x′(s)|UI(s)|x′′(0)) = −i
s2(4pi)2
Φ(x′, x′′)e(x
′−x′′)E(s)(x′−x′′)
(gaA
5
µ){−sC1C2kµ −
4
e2s
dC1
dFµλ
dC2
dFλν
kν +
2
es
C1
dC2
dFµν
(x′ − x′′)ν} . (55)
Making use of
d
dFλν
=
1
2
d
dF Fλν +
1
2
d
dG F˜λν , (56)
FµλF˜λν = −gµνG , (57)
F˜µλF˜λν − FµλFλν = 2gµνF , (58)
we can write
4
dC1
dFµλ
dC2
dFλν
=
[
dC1
dF
dC2
dF +
dC1
dG
dC2
dG
]
FµλFλν
+ gµν
[
−G
(
dC1
dF
dC2
dG +
dC1
dG
dC2
dF
)
+ 2F dC1
dG
dC2
dG
]
(59)
For the first two terms in the braces of the eq.[55] we may put x′−x′′ = 0.
Now we’ll show that the singular part of the last term in the breces of
the eq.[55] gives triangle anomaly and non singular parts give additional
contributions to the effective Lagrangian.
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We integrate the last term in eq.[55] by parts using the property
eFλν(x
′ − x′′)νΦ(x′, x′′) = −i∂λΦ(x′, x′′) . (60)
By using the identities
dC2
dFλν
=
1
2
dC2
dF Fλν +
1
2
dC2
dG F˜λν , (61)
F˜µν =
F˜µνG
G =
−(F˜ F˜F )µν
G =
−(FµλFλδ + 2gµδF)
G Fδν (62)
and defining
H = Φ(x′, x′′)e(x
′−x′′)E(s)(x′−x′′)C1
dC2
dG (63)
we can develop
HF˜µν(x
′ − x′′)ν (64)
= (H −H |G=0) −(FµλFλδ + 2gµδF)G Fδν(x
′ − x′′)ν +H |G=0 F˜µν(x′ − x′′)ν
→ (H −H |G=0) FµλFλδ + 2gµδF
eG kδ +H |G=0 F˜µν(x
′ − x′′)ν .
In other words, before integrating by parts we extract the singular part
C1
dC2
dG |G=0= 4e
2s2 . (65)
(66)
Finally collecting all terms and changing integration variables s → −is
we get effective Lagrangian
L = igam
2
32pi2
A5µkν
{
Agµν +
e2
m4
BFµλFλν
}
+ anomaly term , (67)
where
A =
1
m2
∫ ∞
0
ds
s2
e−m
2s
{
− C1C2 + 1
e2s2
[
− G
(
dC1
dF
dC2
dG +
dC1
dG
dC2
dF
)
+2F dC1
dG
dC2
dG + C1
dC2
dF −
2F
G
(
C1
dC2
dG + 4e
2s2
) ]}
, (68)
B =
m2
e4
∫ ∞
0
ds
s4
e−m
2s
{dC1
dF
dC2
dF +
(
dC1
dG −
C1
G
)
dC2
dG −
4s2
G
}
. (69)
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Here
C1(F ,G) = 2ie
2s2G
cosh(es
√
2(F + iG))− cosh(es
√
2(F − iG))
, (70)
C2(F ,G) = 2i
(
cosh(es
√
2(F + iG))− cosh(es
√
2(F − iG))
)
. (71)
The first terms of the Taylor expansion of B have a form
B =
8
15
e2
m4
G − 128
63
e4
m8
GF + 256
15
e6
m12
F2G + 64
15
e6
m12
G3 + · · · (72)
The effective Lagrangian [67] has very simple Lorenz invariant form.
Along with the anomaly term, it also contains two Lorenz invariant terms.
As it is well known from Euler Heisenberg Lagrangian (for vector cur-
rents (not-axial)) one can get amplitudes for n real photons interactions
at low energies (for instance photon photon scattering, photon splitting
in the magnetic field etc). Those amplitudes are calculated via replacing
Fµν → Fµν + f 1µν + f 2µν + · · · ( where f iµν are real photons and Fµν is the
constant external electromagnetic field) in the effective Euler Heisenberg La-
grangian. It is interesting to note that the effective Lagrangian (67) is not
possible to use for calculating amplitudes of low energy processes which in-
clude real photons.
The photon- Z boson mixing in the external magnetic field was calculated
in [3]. The amplitude has more complicated Lorenz invariant terms, than
one can expect from our effective Lagrangian (67). Those additional terms
include the derivative of the real photon field ( ∂λfµν , ∂µfµν ). It is impossible
to relate that derivative to the Z boson field via integration by parts of the
photon- Z boson mixing amplitude. Therefore it is impossible to restore our
effective Lagrangian (with only two Lorenz invariant terms) from the photon-
Z boson mixing amplitude.
The effective Euler Heisenberg Lagrangian with one axial-vector field
must include terms with derivatives of external electromagnetic field. And
amplitude is not vanishing even when energy-momentum is not transferring
from axial-vector field to the external electromagnetic field (thanks to it’s
derivatives). For instance there will be non vanishing forward scattering am-
plitude of neutrinos in the external varying electromagnetic field (as a result
index of refraction of neutrinos will departure from the unity).
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Now we turn to the anomaly term. We note that
E(s)µν = E1gµν + e
2E2FµλFλν (73)
In the limit G → 0 the functions E1(s) and E2(s) have forms:
for F ≥ 0
E1 =
i
4s
(74)
E2 = −i(−1 + es
√
2F cot (es√2F))
8se2F ≃ O(s) (75)
for F ≤ 0
E1 =
ies
√
2F cot (es√2F)
4s
≃ i
4s
+O(s) (76)
E2 =
i(−1 + es√2F cot (es√2F))
8se2F ≃ O(s) (77)
When x′ ≃ x′′ the integral can be taken
∫ ∞
0
ds
s2
e−im
2se(x
′−x′′)E(s)(x′−x′′) =
∫ ∞
0
ds
s2
e
i(x′−x′′)2
4s =
−i4
(x′ − x′′)2 (78)
Therefore the anomaly term is equal to
−gaA5µ
ie
2pi2
Φ(x′, x′′)F˜µν(x
′ − x′′)ν(x′ − x′′)−2 (79)
Now by replacing gaA
5
µ → ∂µ and using eq. [60] we get
2α
pi
G . (80)
At the end we want to mention, that we may get the same result for
effective Lagrangian by calculating axial vector current in the presence of
the external constant electromagnetic field
< j5µ > = igaTrγµγ5G(x
′, x′′) (81)
=
ga
2
∫ ∞
0
dse−im
2sTrγ5[gµν (x(s)
′|Πν(s)− Πν(0)|x(0)′′)
+ iσµν (x(s)
′|Πν(s) + Πν(0)|x(0)′′) ] . (82)
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Here
(x(s)′|Π(s)|x(0)′′) = 1
2
[eF coth(eFs) + eF ] (x′ − x′′) (x(s)′|x(0)′′) , (83)
(x(s)′|Π(0)|x(0)′′) = 1
2
[eF coth(eFs)− eF ] (x′ − x′′) (x(s)′|x(0)′′) . (84)
Finally
< j5µ > =
ga
2
∫ ∞
0
dse−im
2sTrγ5[eFµν(x
′ − x′′)ν
+iσµν [eF coth(eFs)]νλ (x
′ − x′′)λ] (x(s)′|x(0)′′) (85)
After integrating this result by parts, using eq. [60], we get under the
trace the same expression as in eq.[46].
We are calculated the expectation value of the axial-vector current in-
duced by the vacuum polarization effect of the Dirac field in constant ex-
ternal electromagnetic field. In calculations we use Schwinger’s proper time
method. The effective Lagrangian, eq.[67], has very simple Lorenz invariant
form. Along with the anomaly term, it also contains two Lorenz invariant
terms. The result is compared with our previous calculation of the photon -
Z boson mixing in the magnetic field.
References
[1] J. S. Schwinger, Phys. Rev. 82, 664 (1951). see also [2].
[2] S. L. Adler, Annals Phys. 67, 599 (1971).
[3] A. N. Ioannisian and G. G. Raffelt, Phys. Rev. D 55, 7038 (1997)
9
